Formal groups and dirichlet L-functions  by Kim, Jae Moon
JOURNAL OF NUMBER THEORY 37, 161-167 (1991) 
Formal Groups and Dirichlet L-Functions 
JAE MOON KIM 
Department ofMathematics, lnha University, Incheon, Korea 
Communicated by W. Sinnott and R. Gold 
Received October 25, 1989 
0. INTRODUCTION 
Let F(x, y) be a (one-parameter) formal group over a commutative ring 
R and let f ' (x )  dx be its canonical invariant differential on F. Write f (x )= 
~~.,~=1 (a,/n) xn. Define a formal L-series attached to F by L (s )= 
Y~,~176 l (a,/nS). For example, the canonical invariant differential f ' (x )dx  of 
the formal group F(x, y )=x+y-xy  is Z x" l dx. Then the corre- 
sponding formal L-series is the Riemann zeta function 
~(s)= ~ 1 
n=l  ns" 
T. Honda generalized this (1). Namely, he proved that the Dirichtlet 
L-function of the quadratic character with conductor D has the same 
coefficients as the canonical invariant differential on a formal group 
isomorphic, over the ring of integers in Q(x/~) ,  to the formal group 
x + y + x /~ xy. In this paper we prove the same holds for any Dirichlet 
L-function; for any Dirichlet character Z with conductor m, the coefficients 
x(n) of L(s, X) appear as the coefficients of the canonical invariant differen- 
tial on a formal group isomorphic, over a suitable ring, to the formal group 
x+ y+z(X-1)xy .  
1. PRELIMINARIES 
Let R be a commutative ring with the identity 1. We denote by R{x} the 
formal power series ring with coefficients in R. Let F and G be two formal 
groups over R. By an isomorphism from F to G over a ring R we mean a 
formal power series ~o(x)e R{x} satisfying 
(1) ~o(x)=x mod degree 2 
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(2) q~o F= G o q); i.e., ~o(F(x, y)) = G(~o(x), q)(y)) 
(3) q)(x) admits an inverse. 
We write F,~ G if there is such an isomorphism. 
Let D(R{x}) be the space of derivations of R{x} over R. It is a free 
R{x}-module of rank one and is generated by D = d/dx. The dual space is 
denoted by D*(R{x}) and its elements are called differentials of R{x }. For 
f e R {x} the map D--* Df of D(R {x })into R {x } defines a differential and 
D*(R{x}) is generated by dx over R{x}. Take q~(x)eR{x} with ~o(0) = 0. 
Then we can define an R-endomorphism q~* of D*(R{x}) by q~*o)=cooq~ 
for e) e D*(R{x}), namely, if o) = O(x) dx then ~0*co = $(~o(x)) do(x ). Let 
F(x, y) be a formal group over R. Define the right translation of F by 
T,(x) = F(x, t). A differential co of R{x} is said to be an invariant differen- 
tial on F if Tt*o)= ~o. The following results are from Honda's paper [ 1 ], 
and the reader can find the proofs there. 
PROPOSITION. 
Put 
Let F(x, y) be a formal group over R. 
OF 1 
and ~o = $(x) dx. Then ~k(0) = 1 and the set of all invariant differential on 
F is a free R-module of rank one generated by 09. We call this ~o the canoni- 
cal invariant differential on F. 
PROPOSITION. Let F(x, y) be a formal group over a Q-algebra R. Then 
we have F,~ Ga over R, where Ga(x  , y)  = x + y. And the isomorphism f(x) 
from F to Ga comes from the canonical invariant differential f ' (x)  dx; i.e., 
f(F(x, y)) =f(x )  + f(y). 
2. FORMAL GROUPS AND DIRICHLET L-FUNCTIONS 
Let F(x, y) be a formal group over an integral domain R. Then there is 
a unique power series f (x) with coefficients in the quotient field of R such 
that f (x )= x mod degree 2 and F(x, y)= f - l ( f (x )+ f(y)). It is clear that 
df(x) = f ' (x)  dx is the canonical invariant differential 09 on F (see Proposi- 
tion). Let f ' (x )  = 2~ a,x n- 1 and define L(s) by 
an L(s) = Z 
n=l  ns" 
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If each one of F, f, w, and L(s) is given, the rest are uniquely determined 
from it. 
THEOREM (Honda). Let K be a quadratic number field with the discrimi- 
nant D. Then the Dirichlet L-function 
L(s, Z)= ~ z(n) 
n s 
is obtained from a formal group G(x,y) over Z. Moreover, G.~ 
x + y + x /~ xy over the ring of integers of K. 
We generalize this theorem to characters of conductor p (p = prime). 
THEOREM l. Let ~= ~p=e 2"i/p. Let Z be a character on GaI(Q(~)/Q). 
Then the Dirichlet L-function 
z(n) 
L(s, Z)= n s 
n=l 
is obtained from a formal group G(x, y) over Zp, the ring of p-adic 
integers. Moreover, G~x + y+ r(X-1)xy over Zp[~e], where z(X- l)= 
Zamodp Z- l(a)~ a. 
Proof. We find a power series ~o(t)~Zp[~p]{t} with ~o(t)-=tmod 
degree 2 satisfying 
~o'(t) = ~ z(n)t,_l" 
l+z(Z  ')~p(t) ,=,  
Since dx/1 + ~(X- ~) x is the canonical invariant differential on the formal 
group x + y + z(~-1)xy, this q~ gives us the isomorphism. 
Let 
f(t)= I~ (1 -~at ) -x  ~a~ 
amodp 
and 
1 
q~(t) = z(Z_l) ( f ( t ) -  1). 
Then ~0(0)= 0 and the coefficient of t is 
1 1 r176 = T(Z-') = 1. 
. r  1) T(~ -1 ) 
7 
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Thus q~(t)- t mod degree 2. Let us compute ~0'(t)/1 +v(g ~) q~(t). 
f ' ( t)  Z '(a)U 
-- E 1--;"t f(t)  amodp 
a n=l  
=z(Z t) ~ g(n) t" '. 
n=l  
Hence 
~o'(t) 1 f ' ( t)  
l+z(Z-1)~o(t) l+z(g-')~p(t) z(Z-') 
1 f'(t) 
f(t)  "r(Z 1) 
= ~ x(n)t ~-l. 
n=l  
Now we prove ~o(t)~Zp[~p]{t}. 
logf(t)= ~ -Z- l (a) log(1-(at) 
amodp 
n a mod p n = l 
n= I n amodp 
=r(z -~) ~ z(n)t~ 
n n=l  
Thus 
n=l  n 
=I+~(Z -1) ~ z(n)tn 
n n=l  
+~, ~(z-'t Y~ z(nl t" + " .  
n=l  n 
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Hence 
~p(t) = z(n) t"+v(X-l) z(n) t" 
~ , ~ , n 
-31-27(~1)-------~2 (n~= 1~(/./n)/n)3+ . . .  
Since the coeffient of t m is a finite sum for all m, the series of the right hand 
side is well defined. Note that in the expression 
x(n) t o, 
n n=l 
x(n)/n belongs to Zp for all n, since x(n) is either a (p -  1)th root of 1 if 
p ~ n or 0 otherwise. Therefore, to prove (p(t)e Zp[(p]{t}, it is enough to 
show 
T( z -- 1 )k  1 
k! ~.Zp[~p]. 
Since ~"-- 1 mod(Cp- 1) for all a, 
z(Z ') =~ X-'(a)C ~ 
-~Z '(a) = 0 mod(Cp- 1). 
Hence 
1 
ordp "c(X - 1 ) >/ - - .  
p - -1  
Thus 
T(X-I) k-1 
ordp k! (k - l )  ordpr(X-l)-ordp k! 
k -  1 k--Sk 
>~ - -  >~ O, 
p-  
where Sk is the sum of coefficients of the p-adic expansion of k. Therefore 
T( Z - -  I )k 1 
k! ~ ZP [CPl" 
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Finally we prove G(x, y) has coefficients in Zp. One can compute G(x, y) 
in two ways. From the equation 
G(x, y) = q~(F(~o X(x), q~ '(y)))  
we see the formal group G(x, y) has coefficients in Zp[~p] .  On the other 
hand, if we let 
g'(t)dt= ~ z(n)H l 
n=l  
be the canonical invariant differential on G, then G(x, y)= g ~(g(x)+ 
g(y)) has coefficients in Qp. Therefore the formal group G(x, y) has 
coefficients in Zp[(p] n Qp = Zp. This completes the proof. 
One can generalize this further to the case when X is an arbitrary 
Dirichlet character. First we need a lemma. 
LEMMA. For any Dirichlet character Zof conductor m, and for any prime 
divisor p of m, r(Z) = 0 mod( 1 - ~p). 
Proof Let m =ped and m' = pe 1 d with (p, d) = 1. Then 
T(Z)= ~ z(a)~,~. 
amodrn 
t b in '+ c z(bm + c)~,. 
b,c 
a=bm'  +c  
= ~ ~ z(bm' + c )~ '~'+ ~. 
c b 
For a fixed c, ~m~blm' + c =-- ~m[b2m' + c mod(1 - ~p). Thus 
r(Z) - ~ ~ ~ z(bm' + c). 
c b 
Since the conductor of Z is m, there is an integer u = 1 mod m' with 
Z(u) ~ 1. Multiplication by :~(u) permutes the sum Zb z(bm'+ c), which 
must therefore qual 0. This proves the lemma. 
Let S be a multiplicative subset of Z consisting of integers which are 
relatively prime to m. Denote the localization S -  1Z of Z at S by Z(m). 
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THEOREM 2. Let X be a character on GaI (Q( f , , ) /Q)  with a conductor m. 
Then the Dirichlet L-function 
z(n) 
L(s, x)= L 
n r 
n=l  
is obtained from a formal group G(x, y) over Q(Z)c~ Z~m)[X, ~,.] = Z~m)[Z]. 
Moreover G~x + y+ z(~ 1)xy over Z~,,)[X,~m]. Here Q(X) is the field 
obtained by adjoining the values of X to Q and Z~,,)[ x, ~m] is the ring 
obtained by adjoining the values of X and (,, to Z~,,). 
Proof With the help of the above lemma, one can imitate the proof of 
Theorem 1. 
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